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Theory of Negative Capacitance in Membrane Impedance Measurements 
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Summary. Three possible explanations of the negative capaci- 
tance seen in the C h a r a  cora l l ina  membrane impedance are 
critically examined. These explanations are based on: (I) volt- 
age-dependent channel kinetics: (2) electro-osmosis: and (3) 
extracellular negative capacitance. It is shown that the first two 
can produce negative capacitance only with parameters which 
differ by several orders of magnitude from measured values. The 
last mechanism can produce a very large magnitude negative 
capacitance, in the appropriate frequency range. Possible experi- 
mental tests are discussed. 
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Introduction 

Electrophysiological measurements have shown a 
large magnitude negative capacitance at low fre- 
quency in giant algal cells (Coster & Smith, 1977; 
Chilcott et al., 1983; Ross et al., 1985). The purpose 
of this paper is to examine theoretically mecha- 
nisms which may account for this effect. A negative 
value for the measured capacitance results when 
the applied voltage required for a given current de- 
cays with time, or when the applied voltage is found 
to lead the applied current at a given frequency. It 
can easily be shown that -coRC = tan(0), where ~o is 
angular frequency, R is measured resistance, C is 
measured capacitance, and 0 is the phase angle by 
which the voltage leads the current. 

One mechanism which can result in a negative 
capacitance is that of ion channels with voltage- 
dependent kinetics. A population of such channels, 
in which the probability of opening and closing can 
be modified by changes in transmembrane voltage, 
would relax toward a new total conductivity in re- 
sponse to a change in applied voltage. Depending 
on the voltage dependence of the kinetic parame- 
ters, the voltage would either lead or lag the cur- 
rent. 

Another process that can affect measured ca- 
pacitance is that involving electro-osmosis and the 

transport number effect Fensom & Dainty, 1963; 
Barry & Hope, 1969; Smith, 1977; Barry & Dia- 
mond, 1984), in which ions will accumulate at one 
side and be depleted at the other side of the mem- 
brane. Depending on which of these (electro-osmo- 
sis or transport number effect) dominates, the com- 
ponent of diffusion potential across the membrane 
produced by these concentration changes will either 
lead or lag applied current. 

A negative capacitance can also result from the 
following process in the extracellular medium (a 
similar process may also occur in the intracellular 
medium). Experimental work on giant algal cells 
has ~-upported the existence of a proton or hydroxyl 
transport system that dominates membrane conduc- 
tance (Kitasato, 1968; Spanswick, 1972; Saito & 
Senda, 1974; Lucas & Ferrier, 1980). If this is the 
case, injected current will be carried through the 
membrane largely by protons or hydroxyl ions. 
Away from the membrane, proton or hydroxyl 
transport will be carried almost entirely by diffusion 
(Ferrier & Lucas, 1979; Ferrier, 1981, 1983). At any 
point in the extracellular unstirred layer, the electri- 
cal potential gradient must drive a component of 
current equal to the difference between the total 
current and that part of the current carried by diffu- 
sion. For a sinusoidal current, the proton or hy- 
droxyl diffusion-driven component of the current 
will lag the total current at every point in the extra- 
cellular unstirred layer. As a result, the current 
driven by the electrical potential gradient in the un- 
stirred layer, and thus the potential gradient itself, 
will lead the current. The following discussion is in 
terms of a proton transport system, but the results 
will also apply quite well to a hydroxyl transport 
system. 

Theory and Discussion 

The opening and closing of channels is a stochastic 
process. The small signal admittance of a popula- 
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tion of voltage-dependent ion channels can be writ- 
ten as (DeFelice, 1981): 

Y(0)) = g N o  + g [ V  - E ] [ ( N  - No)q '  

- Nop ' ] / [q  + p + i0)], (1) 

where g is the conductance of a single open chan- 
nel, No is the number of open channels, N is the 
total number of channels, V is the transmembrane 
potential difference, E is the equilibrium potential 
for the channels, q is the frequency of channels 
changing from closed to open (in sec-l), p is the 
frequency of channels changing from open to 
closed, and q' and p' are the derivatives of q and p 
with respect to transmembrane potential difference. 
The measured membrane capacitance would then 
be given by (Coster & Smith, 1977; Ross et al., 
1985): 

C(w)  = l m [  Y(0))]/i0) = - q N o [  V - E][q'  p /q  

_ p , l / [ ( q  + p)2 + c02], (2) 

where we have also used N = No(q  + p) /q .  
Thus, the measured capacitance could be nega- 

tive if the rate of opening of channels was suffi- 
ciently voltage dependent so that q ' p / q  was greater 
than p'. However, the magnitude can only become 
larger as frequency decreases if 0) 2 is greater than 
(q + p)2. Measured lifetimes for channel closing are 
in the range 1 to 10 msec (Anderson & Stevens, 
1973; Fishman, 1973; Sachs & Lecar, 1973; Conti et 
al., 1975; Ferrier et al., 1979; DeFelice, 1981; 
Sakmann & Neher, 1983). Thus, q should be at least 
100 Hz, and C(o~) from Eq. (2) can have an increas- 
ing magnitude with decreasing frequency only if0) is 
much greater than 100 Hz. Since the measured neg- 
ative capacity occurs only as frequency decreases 
below about 1 Hz, channel kinetics with measured 
lifetimes cannot account for this effect. 

The other mechanisms to be examined are 
based on ion transport and concentration changes in 
the unstirred layers of the solution bathing the 
membrane. As will be shown, these processes in- 
herently give rise to low frequency effects. When 
current is injected through a membrane, electro-os- 
mosis may produce fluid flow across the membrane, 
which will produce ion concentration changes in the 
unstirred layer as ions are swept up or away by the 
fluid flow (Barry & Hope, 1969; Coster & Smith, 
1977). Transport number discontinuities at the 
membrane/solution interfaces will also cause solute 
buildup or depletion in the unstirred layers. These 
time-dependent changes in ion concentration will 
result in a transmembrane voltage component 
which can either lead the current, if electro-osmosis 

dominates, or lag the current, if the transport num- 
ber effect dominates. 

In the other mechanism to be described, it is the 
potential gradient in the unstirred layer itself which 
leads the current. If there are differences in ionic 
mobility in the bathing solution, between those ion 
species which are mainly transported by the mem- 
brane and those which are not, this will give rise to 
a phase difference between the electrical potential 
gradient in the bathing solution and the current 
(Ferrier, 1981, 1983). These processes involving ion 
transport in the bathing solution will be given a uni- 
fied treatment. 

The transport of a particular ion species in the 
bathing solution can be described by the following 
equation: 

Ji = - D i g r a d C i -  [~r j ( z iF)]gradV + vCi ,  (3) 

where Ji is the flux of species i, Di is the diffusion 
coefficient, grad is the gradient operator, C~ is the 
concentration, o-i is the electrical conductivity at- 
tributable to species i (= z~F2CiDi /RT) ,  V is electri- 
cal potential, and v is fluid velocity. 

An equation for electrical current density can 
be written as follows: 

I = Y~iziFJi = - Z i z i F D i g r a d C i -  crgradV, (4) 

where Zi indicates summation over all i, and o- = 
Z;o-~. The electroneutrality condition, ZzzzC~ = O, 
has been used to eliminate the term with v. 

Let us define Id, the diffusion-driven current 
density, as 

Id = - g i z i F D i g r a d C i .  (5) 

If the Di were to be the same for all ion species, then 
Ia would be zero, by the electroneutrality condition. 
Using Eq. (5), and solving Eq. (4) for gradV we 
have: 

gradV = - ( I  - I~)/o-. (6) 

Equation (3) can then be rewritten as: 

Ji = - D i g r a d C i  + (o-i /z iF)(I  - ld)/O- + uCi. (7) 

If the main membrane-transported ion species 
have diffusion coefficients that are significantly 
greater than the average in the bathing medium 
(i.e., if they are protons or hydroxyl ions), then Ij 
can be comparable to I in regions where concentra- 
tion gradients of those species have been estab- 
lished. Otherwise, Id will be much less than I (Fer- 
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tier, 1981, 1983). The ion species with the greatest 
membrane conductance is the species that will most 
affect transmembrane potential. In the limiting case 
that one species carries all of the current through 
the membrane, we can write I = z t F J t ( x  = 0) ,  where 
t refers to the membrane-transported species. If it is 
also the case that o-, is much less than o-, then we 
can rewrite Eq. (7) as follows: 

J, = -D,gradC,  + vCr. (8) 

The equation governing Ct can be obtained from 
Eq. (8) by using the continuity relation: 

dCt /d t  = - g r a d  Jr = Drgrad2Ct - vgradCr. (9) 

It can be shown that an equation similar to Eq. (9) 
can be written for the total ion concentration. 

Equation (9) can in principle be used to calcu- 
late the concentration change produced by the elec- 
tro-osmotic fluid flow and by the transport number 
effect. However,  this equation can be solved by an- 
alytical means only if the concentration change is 
small relative to the background value, so that the 
fluid-driven flux can be assumed to be constant. 
Then, we can write: 

d C ] d t  = Dtgrad2Ct. (10) 

The fluid flow-driven flux must be retained in 
the boundary condition at the membrane/solution 
interface: 

DtgradC, = - ( I / z z F )  + vC, .  (11) 

To be certain that Eq. (10) provides a good approxi- 
mation to Eq. (9), we solved both Eqs. (9) and (10) 
using a numerical computer program, with Eq. (11) 
as the boundary condition at x = 0. The difference 
between the two calculations was found to be ex- 
tremely small for any reasonable value of fluid flow. 

The maximum change in concentration at x = 0, 
if electro-osmosis predominates, can be found from 
Eqs. (10) and (I 1) to be given by: 

Ct(O) = Ct(L)  - v C t ( L ) L / D t ,  (12) 

where C t ( L )  is the background level, and L is the 
width of the unstirred layer. The fluid velocity will 
be given by the product of the current and the elec- 
tro-osmotic coefficient. For  an upper value of the 
latter, we can use 10 -8 m 3 coul -I (Fensom & 
Dainty, 1963; Barry & Hope, 1969). This is equiva- 
lent to 50 moles of water moved across the mem- 
brane per mole of ions. For a current density of 10 -2 

A m 2, this gives a fluid velocity of 10 -~~ m sec -j. 
Then, using D, = 10 - s m  2 sec -~ and L = 10 -4 m, we 
have: 

[C,(0) - C,(L)] /C, (L)  = - v L / D ,  = - 10 -6. (13) 

A relative change in ion concentration of this 
magnitude would have a negligible effect on mem- 
brane potential. We have carried through the time- 
dependent solution of Eq. (10), but shall not repro- 
duce it here, since it only confirms what is evident 
from the result in Eq. (13). 

If the first term on the right side of Eq. (11) is 
included in the solution, which is equivalent to in- 
cluding the transport number effect, v in Eq. (13) is 
replaced by v - I / (z tC,  F ) .  This expression will be 
negative for any reasonable values of Cr and v, and 
the resulting capacitance should therefore always 
be positive rather than negative. 

We now consider the last of the three possible 
mechanisms that can produce a negative capaci- 
tance. Under appropriate conditions, the transport 
of ions in the bathing solution can give rise to a large 
phase difference between the current and the elec- 
tric potential gradient in the unstirred layer. If pro- 
tons are the main membrane-transported species, 
then, as shown by Eq. (8), the transport of protons 
in the unstirred layer will be carried by diffusion, 
and possibly also by convection. However, the 
same values of the parameters used above to show 
that electro-osmosis will have a negligible effect on 
ion concentration also show that the convection 
term is negligible in Eq. (8). 

We can see from Eq. (6) that, if la lags behind 1 
at some angular frequency, oJ, then the potential 
gradient will lead the current. The component of 
current carried by proton diffusion can be found by 
solving the diffusion equation, Eq. (10), for Ct, with 
It = J t z r F  = - D r z ,  F g r a d C t ,  and with the bound- 
ary condition: L = I at x = 0. If I = l,,sin(wt), this 
gives: 

I, = I o e x p ( - k x ) s i n ( ~ o t  - kx) ,  (14) 

where k = (oJ /2Dt )  1/2. 

If  we assume that the diffusion of all the other 
ion species can be described by an average diffusion 
coefficient, Do, then it is easy to show, using the 
electroneutrality condition, that Id = (1 - b)I t ,  
where b = Do~Dr. Then, integrating Eq. (6), using L 
from Eq. (14), gives: 

(o'/IoL)AV. = s i n ( w t )  

+ [(1 - b)/(21/2kL)][(1 - exp( -kL)cos(kL) )s in (coz  + 37r/4) 

+ exp( -kL) s in (kL) s in (oJ t  - 37r/4)], ( 1 5 )  
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where ARC', is the difference in electrical potential 
across the unstirred layer. It can be seen that, since 
k is proportional to co j/2, as co becomes very large the 
right side of  Eq. (15) becomes equal to sin(~ot), and 
there is no phase shift between the electrical poten- 
tial difference and the current. 

The measured phase shift depends on the phase 
shift between the total applied potential difference 
and the current. It can be shown that the measured 
phase shift is given by: 

tan(0) = (sin(Om)AV~ + sin(O,~)AV~',)/AV*, (16) 

where AV ~ and AV ~ are the amplitudes of the po- 
tential drops across the membrane and across the 
unstirred layer, and AV* = cos(O,,,)AV',',, + cos 
(O~)AV ~ + A V  ~ where AVe' is the amplitude of the 
potential drop across the bathing solution outside of 
the unstirred layer, while 0m and 0, are the phase 
shifts across the membrane and the unstirred layer. 
For  most values of 0m and 0,, AV* will be close to 
the total potential drop measured, A V  ~ Since 
-o~RC = tan(0), where R and C are the measured 
resistivity and capacitance (per unit area), and since 
a similar equation can be written for membrane ca- 
pacitance, Cm, and 0m will usually be small enough 
that tan(0m) = sin(0m), we can rewrite Eq. (t6): 

C = {R,nCmAV ~ - sin(Ou)AV~ ~ (17) 

From Eq. (15) we can obtain the following 
result: 

sin(Ou)A V~ = BLL/(oxo) ,  (18) 

where B = [(1 - b)/2kL][1 - e x p ( - k L ) s i n ( k L  + ~/ 
4)]. It can be shown by using series expansions that 
B = (1 - b)(kL/2) for kL  much less than 1. Since k = 
((o/2Dt) I/2, w e  see that for sufficiently small o~: 

sin(O,,)AV',',/o~ = (1 - b)L2I,,/[2o-(2o~Dy/2], (19) 

which will increase without limit as ~o decreases. 
However ,  numerical calculations using a computer  
show that B becomes approximately constant at 
higher frequencies.  If we assume that R is close to 
Rm, that A V  ~ is close to AV~ and using AV,~, = 
IoRm, w e  can rewrite Eq. (17) as: 

C = Cm - H/f ,  (20) 

where H = BL/(21rR2mo-), and f is frequency. 
The unstirred layer thickness, L, should be 

about 10 4 m. In the range of kL values we are 
interested in, from kL  = 0.4 to 4.0 (for frequencies 

from 0.035 to 5 Hz), B is constant within a factor of 
2, with a minimum value of 0.11. We have o- = 3 • 
l0 2 S m 1, and measured values of Rm are gener- 
ally about 0.7 S -1 m 2 (Coster & Smith, 1977). Using 
B = 0.11 then gives H = 1.1 • 10-4 farad m 2 Hz. 
As we can see from Eq. (20), C cannot become 
negative unless H / f b e c o m e s  larger than Cm, which 
is about l0 2 farad m -2. This will only happen with 
the calculated H value for frequencies less than 0.01 
Hz. However ,  recent work by Smith and Walker 
(1983) indicates that the alkaline band resistivity is 
much less than for the cell as a whole, with mini- 
mum values of 0.12 S -j m 2. Ogata et al. (1983) re- 
port qualitatively similar results using the water- 
film technique. This could mean that there are high 
conductance proton (or hydroxyl) pumps or chan- 
nels only in the alkaline bands. Since most of the 
injected current would go through these high con- 
ductance regions, it is appropriate to calculate H 
using the membrane resistivity for these regions. 
Using R,,  = 0.12 S -1 m 2, and also using B = 0.21 
(which is valid for f close to 1 Hz), H = 8 z 10 -3 
farad m -2 Hz. Thus, measured capacitance would 
go negative for frequencies less than 0.8 Hz. This is 
very close to the frequencies at which the experi- 
mentally measured capacitances do go negative 
(Coster & Smith, 1977; Ross et al., 1985). Accord- 
ing to this result, the f requency at which capaci- 
tance becomes negative is quite dependent  on the 
resistivity of  the high conductance alkaline bands. 
Thus, cells with a high conductance in the alkaline 
band would show negative capacitance at higher 
frequencies than cells with lower alkaline band con- 
ductance. This provides a possible explanation for 
the finding of Coster  and Smith (1977) that not all 
cells exhibited negative capacitance. Furthermore,  
Chilcott et al. (1983), using the water-film tech- 
nique, show that negative capacitance occurs more 
often in the alkaline band than in the acid band, 
which agrees with the predictions made here. The 
finding of Beilby and Beilby (1983) that negative 
capacitance occurs at 5 Hz during the brief period 
when Rm becomes extremely low during punch- 
through may also fit in with these predictions. 

Of the three mechanisms examined in this pa- 
pe r ,  the first, based on voltage-dependent channel 
kinetics, cannot  account for the measured negative 
capacitance using measured values for ion channel 
lifetimes. However ,  if there is a voltage-dependent 
control mechanism for membrane conductance with 
time constants of the order  of l0 seconds or greater, 
then it could be possible to explain the negative 
capacitance on this basis. The possibility of a con- 
ductance control mechanism with such long time 
constants is supported by the existence of low-fre- 
quency membrane potential fluctuations (in the 
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range of  0.03 to 0.3 Hz),  which have been  measured  
in algal cells (Roa & Pickard,  1977; Fer r ie r  et al., 
1979), and  in an imal  cells (e.g., Fe r r i e r  et al., 1982). 
F u r t h e r  expe r imen ta l  s tudies  on the possible  exis- 
t ence  of a l ow- f r equency  c o n d u c t a n c e  control  sys- 
tem,  and its vol tage d e p e n d e n c e ,  could de te rmine  if 
this m e c h a n i s m  can expla in  the negat ive  capaci-  
tance .  

The  second  m e c h a n i s m ,  based  on electro-os-  
mosis ,  could not  accoun t  for the negat ive  capaci-  
t ance  un less  the e lec t ro -osmot ic  coefficient was or- 
ders of magn i tude  greater  than  measu red  values.  
This is in accord  with the general  f inding that con- 
vec t ion  is m u c h  less impor t an t  in ext race l lu lar  ion 
t r anspor t  than  is diffusion (e.g., Ferr ier ,  1983). 

The  third m e c h a n i s m  cons idered ,  based on dif- 
fu s ion -d r iven  t r anspor t  of  p ro tons  or hydroxyl  ions 
in the uns t i r red  layer ,  could accoun t  for the mea-  
sured nega t ive  capac i t ance .  A n  exper imenta l  s tudy 
on the re la t ion  b e t w e e n  resis t ivi ty  in the alkal ine 
band  and  the o c c u r r e n c e  of negat ive  capac i tance ,  
and  on the re la t ion  b e t w e e n  ext race l lu lar  conduc-  
t ivi ty and nega t ive  capac i t ance ,  could provide  a de- 
finitive test  of  this exp lana t ion .  
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